Abstract-In this paper, we consider an extension to a dual model under a barrier strategy, in which the innovation sizes depend on the innovation time via the FGM copula. We first derive a renewal equation for the expected total discounted dividends until ruin. Some differential equations and closed-form expressions are given for exponential innovation sizes. Then the optimal dividend barrier and the Laplace transform of the time to ruin are considered. Finally, a numerical example is given..
I. INTRODUCTION
It is well known that the classical risk process has been studied profoundly, e.g. Asmussen [1] , Gerber and Shiu [2, 3] , Dufresne and Gerber [4] . For the classical risk model, it is assumed that the inter-claim times between two successive claims and the claim amounts are independent. Such an assumption may be inappropriate in real world. To avoid the restriction, some risk models with dependence structure between inter-claim times and claim sizes are proposed. Among them, Albrecher and Boxma [5] have proposed an extension to the classical compound Poisson risk model in which the distribution of the time between two successive claims depends on the the previous claim size. Albrecher and Teugels [6] considered an risk model with arbitrary dependence structure between the inter-claim times and the subsequent claim size through a copula. In Boudreault et al. [7] , they assumed that the claim size depend on the inter-claim times.
The barrier strategy was first studied in De Finetti [8] . Barrier strategies for the compound Poisson process risk model have been studied in detail by numerous authors, e.g. Dickson and Waters [9] , Landriault [10] , Lin et al. [11] and Lin and Pavlova [12] .
Recently, there has been growing interest in a model which is dual to the classical risk model. See Asmussen [1] , Albrecher et al. [13] , Avanzi et al. [14] , Avanzi and Gerber [15] , Ng [16] , Song et al. [17] and references therein. Avanzi et al. [14] considered the expected total discounted dividends until ruin for the dual model under the barrier strategy by means of integro-differential equation. Avanzi and Gerber [15] extended some results of Avanzi et al. [14] to a dual model perturbed by diffusion. Ng [16] generalized the study of Avanzi et al. [14] to a dual model with dividend threshold strategy. Here, we aim at extending some results of Avanzi et al. [14] to a dual risk model with dependence structure which is based on the Farlie-Gumbel-Morgenstern (FGM)(see Nelsen [18] ) copula.
Consider the dual model where is the initial surplus, is the constant rate of expenses and represents the aggregate gains up to time t. The innovation number process is a renewal process with inter-innovation times , where is a sequence of strictly positive and independent random variables (r.v.) with probability density function (p.d.f.) and distribution function (d.f.)
Throughout this paper, it is assumed that has an exponential distribution with mean . The innovation size (gains) r.v.'s , where corresponds to the amount of the th innovation, are assumed to be a sequence of strictly positive and independent r.v.'s with a common p.d.f. , d.f. , mean and Laplace transform . We assume that forms a sequence of i.i.d. random vectors with joint p.d.f. for and . It is clear that the increments of the surplus process are still independent. To ensure that ruin will not occur almost surely, we assume that (1) Furthermore, we assume that the joint distribution of is defined with the FGM copula (see Nelsen [18] ), which is defined by (2) Given (2), the joint distribution function of is defined by (3) Thus, the joint p.d.f. is given by (4) In this paper, we assume that the dividends are paid according to a barrier strategy, say with the parameter . Whenever the surplus exceeds the barrier b, the excess is paid out immediately as a dividend. Let be the modified surplus process with initial surplus under the above barrier strategy . Let denote the expectation of the discounted dividends until ruin with the boundary condition , where if ruin does not occur) is the time of ruin and is the force of interest to discount the dividends.
Noticing that (5) we will mainly discuss the model for
The paper is organized as follows. In Section 2, we start by deriving an integro -differential equation satisfied by . Then the integro -differential equation leads to some differential equations and closed form expressions for exponential gains. In Section 3, we discuss how we can use the method of Laplace transforms to obtain the expected total discounted dividends. A renewal equation is also given. In section 4, the optimal dividend barrier is considered. The Laplace transform of differential equation leads to some differential equations and closed form expressions for exponential gains. In Section 3, we discuss how we can use the method of Laplace transforms to obtain the expected total discounted dividends. A renewal equation is also given. In section 4, the optimal dividend barrier is considered. The Laplace transform of the time to ruin is studied in Section 5 for exponential gains. Finally, a numerical illustration is given in Section 6 II EXPRESSIONS FOR Theorem 2.1 For , satisfies the following integro-differential equation (4) where (5) Proof. Choosing a time small enough such that , one obtains (6) Differentiating the above equation with respect to and then letting yield (4). Proof. Applying the operator to (7), then we obtain (8).
From (8) and the boundary condition , we have (9) where are the solutions of the equation (10) To determine , we insert (9) into (7) and obtain (11) By matching the coefficients in (11) one obtains (12) which is the coefficient of , and (13) which is the coefficient of . Combining with the boundary condition , we have
Define as the coefficient matrix of the system (12)- (14) 
IV THE OPTIMAL DIVIDEND BARRIER
In this section, we adopt a similar approach to those used in Avanzi et al. [5] and Avanzi et al. [6] to consider the problem of the determination of the optimal barrier. Let be the optimal value of b, then is maximal at for each . Thus According to Avanzi and Gerber [6] , we can set and obtain the function by inversion of its Laplace transform. Then is the zero of and Remark 4.1 When the gains distribution is exponential distribution with mean and , we can easily get the optimal dividend barrier as Avanzi and Gerber [6] did. It follows from (30) and (9) that (33) Now differentiating (12) and (13) (17) with .
LAPLACE TRANSFORM OF THE TIME TO RUIN V
In this section, we consider the Laplace transform of the time of ruin T for the surplus process under the barrier strategy. Let be the expected present value 1 due at the time of ruin. As a function of , it is the Laplace transform of . As a function of , it is easy to see that for .
Noting that , we only discuss for Then solving the linear system composed by (39), (40) and (41), we can get . By applying the operator to this equation and after some careful calculation, we obtain (42).
It follows from the boundary condition and equation (42) 
